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6th Semester Examination

MATHEMATICS (Honours)

Paper : C 13-T

[fuIetric Spaces amd Cornplex Analysisl
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Full Marks : 60 Time : Three Hours

The Jigwres tn the margin indic$te full marla'

C$ndidates are required to give their answers

in their own words as far as practicable'

Grcup - A

Answer mY ten.questions : 2x10:20

1. Let G be an open dense subset of R" Show that for

eactr x e IR , thore exists a, b eG such that x = a-b '

2. Give an example of a sequenc" {'r} of real numbers

suchthat itr-*r*rl-+0 (as n-+*) U't {'r} is not

CauchY.

3. If {xr} is a Cauchy sequence in a rnetic space (X' d)'

prove that iim d(to,xrnr)=0.
n'+d) 

P"T"O.
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4. Show that for any subset A of a metric

the function .f :X-+R. given AV "f (

x e X, is unifonnly continuous.

5. Show ** 
,,1T. 

7(z)s(z)=0 if hn,f (z)=0 and if

there exists a positive integer M such tl*t 
I S(r)l< U

for all z in some neighbourhood of zo.

6. Show that the map / : R2 -+ R defined by

f (*,v)=
, if (x, r) * (0, o)

x

C

1

z-a
8. Prove thut .[ dz =2tti.

9. Determine whether the set

in IR2.

a

continuous at (0,0).

l+i
7. Find the value of the integral J (x-ix2)az aong trre

0

shaight line from z:0 ta z: I * i.

I z*v

ln7
[0,

is not

5={(r,,rr)eR2: 0< v.-!,x2+y2=a\ is compact



a

(3 )

10. Show that in a metric space (J(. d), the unicn of finite

number cf compact sets is comPact.

11. Show that in a metrie spase {X,d}, no finite subset

consisting more tiun one elernent is c.onnected.

12. Show *rut f (z)=7 is nowhere analyic.

13. Find the radius of convergence of the power series

14" Find the radius of convergence of the power series

Yz'Lrn

15. Represent a function f (r)-- (z -t)(z ^t) by a series

of positive and negative powers of (z - 1) which

converges to f(z) when 0 < l, - | l'-2.

@

n=0

Group - B

Answer any four questions :

16. Show that the metric space (f [0, 1],d), where

P [0, U is the set of all polynomials over [0, l] and

5x4:20

a(f , s)=

space.

I l/(r)-s(r)l is an incomplete metric
re[0, t]
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17. Show that a sequence {rr} in a metric space (X, fl is

convergent if the three sub-sequences {rr,: ,, e N},

{*ro*r: n e N} and {xr,: n e N} of it are convergent.

18. Irtlbe analytic fi:nction in a region G. Show that ReA
satisfies the following equation:

^1^^1a'v,1d\i/,ld'yt n

a,l-; ar- 'ffiz-u'
19. If {x,} is a Cauchy sequence in a complete metric

space (X, d) and f :X -+ X is a continuous map, then

show that {(*,,f (*^))i ,r " Cauchy sequence in the

product metric space X x X. Hence conclude that for

any Cauchy sequenc 
" {*r\ in IR , the sequence

i(r,, "orr,)) 
it 

" 
Cauchy sequence in lR2.

20. Evaluale

C

O + [{ar, r > 0 where C is the circle I zl= 3
lTCt'c Z- + L

described in the positive sense.

G)
dz

z(z +rci)'J
where C is the circle lz+3il:ll

described in the positive sense. 2+3

21. Find the domain of convergence of the following series

1.3.5....

)
1-o

;t
n=l nl

2n-l n



a

(s)
Group - C

Answer any two questions : l0x2-20

22. (i) Let (X, d) be a metic space and A be a compact

subset of X Show that A is totally bounded.

(ii) A subset A of a metric space (X, d) is totally
bounded ifand only ifevery sequence in .,4 has a
Cauchy subsequence.

G, If f be a family of compact sets with finite
intersection property in a metic space (X, d), then

show that l1f + q. 2+5+3

23. 0 Show that the map .f : [0, tJ * [0, t], defined by

f(*)=*-t, xe[0,1] is not a contraction

map.

(ii) Let D be a non-empty open subset of the

Euclidean plane IR.2, f :D _+R be a continuous
map which satisfies a Lipschitz condition with
respect to the second variable, i.e.,

lr(-, t,)- f (*, y,)l=rlr,- t,l ro. an

(r, ,r), (*, ,r)e D and for some k> 0, and let

(*o, 4). o.

Show that the differential equation 4 = f (*. ,\dx r \'-)r'
P.T.O.
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(6)
has a unique solution y: g(x) in the interval

tro - c, xo+ ,], fot a suitable c 2 0, such that the

boundary condition S(,;)= 4 is satisfied' 2+8

24. (r) Suppose f(4 is analytic in a domain O and

C={z:lz-al=n\ is contained in Q' Then

prove that lf"(r)l= #' tt=0,1'2' "'where

M r=",51r(r)l

(ii) Show that every bounded entire function is

constant.

Si} Let p{,)=ao+a(+arz2 +"'+Gnzn' an*A'

Show that there exists a point z, in C such that

r{zo)= o" 3+3+4

25. 0 Show that when O <lzl<+ ,

i1@tls

- 

-__+ )
4z-22 4, H

n
Z

^*2'+

Gi) Find the I-aurent series that represents the fi'rnction

f (r)=r"*(i) inthedomain o<lzl<o'

5+5


