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MATHEMATICS (General)
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Full Marks : 60 Time : Three Hours

The figures in the margin indicate full marks.

Candidates are required to give their answers

in their own words as far as practicable.

(Complex Analysis)

Group - A

(4 Marks)

1. Answer any ten of the following questions : 2xl0:2A

(a) If z + (0,0) be any complex number, then prove

I zl

(b) For any complex number Z: @, y), prove that

l,l*lyl sJrV|

that
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5th



(2 )

(c) Evaluate by the method of residue :

vertices zr, z, and zr.

(e) Show that the function f (')=ry has a

removal singularlY at z = O'

(0 Show that the function lV) : z3 is analytic in a

domain of the comPlex Plane C'

(g) Determine the radius of convergence of the power

series -

point in C.

(i) Find residue of $(z) =cotzat the point zn=nz

for n= 1,2,...

- _i -

O If the complex number ?:'rs 
purely imaginary'

then show that the poirfi z lies on a circle with

cente at the origtn and radius l'
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LV;N")

(h) Show that the functionflz) = z - I has no fixed

sz'Lnt



(3 )

(k) Give an example of a continuous lunction of
complex variable which is not analytic.

$ Lising Cauchy's integral fbrrnula" evaluate

(m) If a=cos0+i sinO, obtain the value of g in

[0,n] such that a3 : i.

(o) State Liouville's theorem.

Group - B

2. Ansrver any four of the following questions : 5x4:20

l , "o'(2,n'L-r,
, 

j_, (2, -t)(, =2)-t- l-,

(b) If the real part of the complex number :-i is
, z-l

zero- then show that the complex number z lies on

the circle with centre lt i and radius -! .a /^L 1.!

v-5223 - 70{)
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(a) Find the residue of F (z) =
cot z.cot h z atz=0.



( 4 )

(c) Consider the function./'defined by -
0

x"-y-
7;V

.x3+y3
*l-1-2;;

x'+y-

Show that the function./' satisfies the Cauchy-

Riemann equations at the origin, but is not

differential at z: 0.

calculus in the comPlex Plane'

(e) Show that radius of convergence of the series -
1 - + 1.3 -z *1.3.5 -t * .

2- ' 2.5- ?.5.8

(f) State and prove the Laurent's theorem'

GrouP - C

3. Answer any two of the following questions: l0x2:20

(, (a) State and prove the Cauchy-Goursat theorem'

(b) Let tt(x'y)=srcos/' Determine a function

v(x, y) such that the function .l': u * iv is

anal1tic. 5+5:10

(ii) (a) Expand f (z\ =
(z+1)(z+3)

. series, which is valid in lzl < 1'

is 3.
2
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in a Laurent

-

z +0.



)

(ii) (a) Compute [-ryr!, over
' z\z'+8)

contour shown below :

Im(z)

Im(z)

the outer

)
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(b) Compurc I e' dz, over the curve (l shown' J z_2
below.

C

Re(z)

5+5



(b) Courpute J
z2dz along the straight line from

5+5:10

(r0 (

v-51223 -700

radius of- ccnvergence'

(b) Let f (r)=ry. Determine the residue of

the tunctioo n at z = 0' 5+5



(7 )

OR

(Matrics)

Group - A

1. Answer any ten questions : 2x10:20

(a) Check whether the following system of equations

is consistent or not : 3x, a 2x,t * 3x3 : 5,
1- rv --L/.xt -r xr- 2xr: 2, xl * xz + x3 : 1.

(b) Verify Cayley-Hamilton theorem for the matrix :

l

(c) Find inverse of the marrix M =(' ') bv usins
[2 3) 

-J -----Q

Cayley-Harnilton Theorem-

(d) Prove that arr elementary row operation of the frst
kind does not alter the row mnk of a matrix.

(e) If a linear transfbrmation f : R3 -+ R3 is defined as

, then find the rank of 7.

(f) For what value of p the following system of
equations x + ! * z : 2. x -r 31t + 2z : 5.

2x + y * 3z : 1, 3x - 2y + z : p (p : real) is
solvable.

P.T.O.

r(x,y,z)=(i,#,0)

Y-5t223 - 700



(8)

matrix are all real.

(h) Find the eigenvalues of the following matrix

(i) Find the invariant points of the transformations

defined bY x'= 1t Y.Y' =4x+10'

fi) Detennine whether the set {[1, 1 ,3),12. -1' 3]'

[0, 1, 1], 14,4,31\ is linearly independent'

(k) Prove that a matrix and its transpose have the

same eigenvalues.

a subspace of R3.

(m) S41at is the rank of the following matrix

(n) Express (5,2,1) as a linear combination of (1,

4. 0). (2. 2. l) and (3. 0. l).

2

-l

2

lz
Ir
Ir

1l
I

1l
rlo)

1

1-/-
a
J

1

-3-23
-1 41
5 12
4 53
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(g) Prove that the eigenvalues of a real symmetric

g Show that W ={(r,t,r)e lR3 : x-3y++z = 0}is



(e)
(o) lf S be a real skew-symmetric matrix of order n.

prove that (1,,+S) is non-singular.

2. Answer any four questions : 5 x4:20

(a) Prove that the row rank and column rank of any

matrix are identical

(b) Show that the set of vectors {(1, 2, 2), (1. -1 ,

' 2), (1, 0, 1)) forms a basis in R3.

(c) Find the inverse of the matrix A =

using elementary row operations.

Is
I

l0
Lr

-:l

I
(d) Find all real values of 1 ftir which the rank of the

matrix is 2.

1

(e) If {o,p,y} be the basis of a vector space R3, then

show that {a, 0, F + y, y + a} is also a basis set

for R3.

(f) Find the rotation matrix which rotates a vector

(*,y)e IR.2 through an angle of g in the counter

Y-51223 -700
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Ir

I'
L,

1

2

7

I



clocktvise direction. Is

matrix? .lurstilY.

3. Ansu'er any lw)o questions :

--Jz ,lz
a rotation

t,$x)=fQ

2+8

(a) (i) Defure the eigenbasis fbr a square tnatrix'

whethm it has eigenbasis or not.

relative to the basis [(1, 0, 0).'

(1, 1,0), (1, 1, 1)l oi' fti (domain) and

{(0, 1, 1), (1, 0. 1), (1, 1. 0)} | R3 (co-

domain). Then tincl L Also lind 7'(1' 2,3)'

(ii) Let 7': R2 + Rl be a lincur tt"rir' i 'r:'arloll'
which transfbrms the older basis [(1' 0. 0),

(0, 1,0), ((.),0, 1)] to {(3.2' 1).(1.3,2)'

12,3, i't}. Then flnd the nratrix of I' 8+2

(b) (i) Let T : R2 + R3 be a linear transtbrmation'

such that the rnatrix representation of I is

0

1

2

ol
0 l. check

2)

lz 31
l: 2 2

L, , 4
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(ii) For the matrix A-



(c) (i) Show tliat tlre following n'tatrix is diagonalisable

Also, r.l,rite the diagonal matrix. Find, in the

form y =nlx+c, the equations of all invariant

lines of the hansfbrmation given by

(d) (i) State the condition for which a non-
homogeneous system of linear equations is

equalions

5x + 2! - z : 1, 2x + 3y * 4z : 7,

4x - 5y + Xz : ), - 5 has unique solution

(0, 1, 1). 2+8

consistent.
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(12)
OR

(Linear Algebra)

Group - A

1. Answer any ten questions : 2xl0:20

(a) Examine if the set of vectors t(2, l, 1), (1, 2,2),
(1, 1, 1)) is linearly dependent in R3.

0 3

(b) Find the rank of the matrix

0 9

(c) For a vector space V over the field F prove that

(- r), : c(-v) : - (cv) where c e F,v eV.

(d) Define improper subspace and trivial subspace for
a vector space V(F).

(e) Prove that intersection of two subspace of a vector
space V(F) is a subspace of V(F).

(f) Define linear sum and direct sum for a vector space

v(n.

(g) Prove that every subset of a linearly independent
set is linearly independent

Q! Find a basis of the subspace

W = {(i, y,z)lx + y - z : 0, 2x - y - z = 0}

(i) Define identify mapping and zero mapping on a
vector space Z(F).

2

4

7

Y-51223 - 700
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( 13 )

0 rc V(n and W(n are vector spaces and T : V-+

W is a linear mapping then show that f (e)= 6'.

(k) A mapping T: R2 -+ R2 defined by

T (*,y) = (xcoscr - ysin cr,xsin cr + y cos cr)

where (r,y)eR2,a is constant. Examine whether

I is linear or not.

Q State isomorphism theorem.

(m) Show that the vectors (1, 0, 0) and (0, 1, 0) form

a basis of the vector space V, : {@, !, 0), x, !
€R).

(n) Let Tr:R2 +R2 and Tr:R2 -+R2 are two

linear operators detined by Tr(x, y) : (x + y,

x * y) and Tr(x, !) - (-y, -x). Evaluate
27, - 27, and TroTr.

(o) Examine the nature of intersection of the planes

2x, + x, - 2xr: 3; 11 - 2*, + .r3 3; 2x, +
2*, - 4xr: l.

2. Answer any four questions : 5 x4:20

(a) Show that the set {(1. i. 0), (,2i. 1,1), (0, 7 + i,
1 - i)) forms the basis of V, over the complex

field ('.

(b) Let V be a vector space over a field F and W

be a subspace of V Prcve that dim V/W : dim

V - dtrn W.

P.T.O.

.v-5t223 -700
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(c) Define Ker f for a linear mapping. Prove that ker
T of a linear mapping T: V + W is subspace

of V.

(d) Find the linear operator T:R2 -+ Rl, if it satisfles

the conditions I(1, 0): (1, -l), f(0, 2): (4, -2).

(e) Let A an|r B be two nratrices of same order so

that A + B is defined. Prove that rank (A + B)
< runk (.4) + rank (B).

(0 Let (x,, xr. x3) be an ordered basis of a real
vector space V(fl and a linear mapping T ; V -+
Z is defined hy T(x) : xr, T(xr) : xr * x2,

I(x:) : xt * x2 + xr. Find the matrix of T-1.

3. Answer any hrl questions : 10x2:20

(a) (i) If .l={o,. a2,...,u,,'} is a linearly dependent

set ot a vectors of a tinite dimensional vector

space Z(F), then prove that there exist a

basis B of V(F), so that Bc^51

(ii) For what real value of /r does the set

,S: {(ft, 1. 1), (1 . k, 1), (1, l, k)) form a

basis ol'R3?

(iii) Find the co-ordinate vector of o,: (1. 3, 1)

relative to the order basis B: [(1, 1, l),
(1, 1.0), (1,0.0)). 5+2+3

(b) Let L(I: ,0 be a set of all iinear mappings with



( ls )

domain V' and co-domain I/' Prove that L(V ll)
is a linear space. Also, find dint L(V/W)' 5+5

(i) Find a orlhogonal matrix P such that ftAP
is a diagonal matrix where

(ii) State and prove Schwarz's inequality in a

Euclidean sPace Z. 5+5

(i) Let lJ arrd Iy' be subspaces of' a vector space

tr(tr). Prove that U wW is a subspace iff
either U c.W or U =W '

(ii) Let S = to,F, Y) and 7- = {G, F. cr + F, F + y}

be two subspaces of a vector space I/' Show

that L(8 : L(n.

(iii) The matrix of a linear nrapping T : R3 -+ R2

relative to the order bases ((0, 1,1), (1' 0' i)'
(1, 1,0)) o1'R3 and {(0, 1), (l' 1)} of R2 is

Find I Also, find the matrix of

7 relative to the order bases [(1, i' 0),

(1,0.1), (0.1,1)) ofR3 and {(1,1), (0' i)}
J-rJf+

P.T.O.
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of R2.

A_

22
25
2-4

a

-4

)

)

)

r24
2r0



OR

(Vector Calculus and Analytical Geometry)

Group - A

1. Answer any ten questions : 2x10:20

Prove that they are orthogonal.

(b) Show that the vector
gg is perpendicularB2

lBl

to the vector p.

(c) Find the unit normal vector to the surf'ace

3*2y - y3r2 =0 at (1, 2, -1).

v-51223 - 700

(a) Two vectors A & b are such that

lu-ul' =lal' *lul'

f,
t

(d) Find the value of a for which the parabola x2 :
4ay passes through the point (1,2) & hence find

the coordinate of its focus and the length of the

Iatus rectum.

(e) Find the equation of the ellipse one of whose fbci

is (-1, 1), eccentricity * * *the corresponding

directrixis"y:x-3.



(0 Find the equation of the cylinder whose generating

line is parallel to the Z-axis and the guiding curve

is 5x2 -2y2 +722 =1,3x+ 2Y-z=5

(g) Determine the values of h fot which the plane

x + ! * z: h is a tangent plane to the sphere

*2+y2+22-2x-2y-22:6.

01) If 7=sinti-cos4+tt and j=cosri+sinti+tk

then rlnd 4? s) una fi('"s)'dt'

not.

(k) Find the curl ) of the vector point function

7= rzri -2y3i + xy2zi at (1, 1, 1)'

() Find the ma,ximum value of the directional derivative

of <p = *2 + 12 - y2 il the point (1, 3, 2)' Find

also the direction in which it occurs.

(m) If the vectors ) and E be inotational, then show

that the vector ,qrE is solenoidal.

P.T.O.
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(i) Show that the vector function

F(x,y,z)=3yazzi + 4x322i -3xzy2t is

solenoidal.

O Check whether the vector f-unction

1(x,y,z)=sinyi - sinxj +e't is irrotational or



( i8 )

(n) Show that the equation

l4x2 - 4x1' 1111,2 - 44x -58y + 7l = 0
represents an ellipse whose centre is at (2, 3).

(o) Find the foci, directiices. eccentricity and the length

of latus rectum of the ellipse 9* + 2b? :225.

Group - B

2. Ansrver any fitur of the following questions: 5x4:20

(a) Show that the vector r"f is inotational where

i=xi +.'f +,i *.1il=,.

(b) Sho.w that the plane y - 6 : 0 intersects the

hyperbolic paraboloid + - + = 6z ina paraboia.'54

constani vector and d,h are vector function

of a scalar variable l.

A"b)=r"(a"U), where / is athat 4(
clt \

d{l

Cr

(i1) If et=ii -$ +(2t+1)[ and

F=1:,-:)i+i-rl, u,here i,j

v-5t223 -700

their usual meaning. then find

(c) (i) If #=i;xd and dL=i*6, then shov,' I

I

I

:'l J



(le)
(d) Reduce the following equation to its canonical

forms and determine the nature of the conic

4x2 +4xY+ Y2 -lzx-6Y+5=0

(e) $If \^" 
7 = 1z*' t'- ro 

) 
i *(':- "i" r) i * (r"ot ')[ '

- then verify that fry= f*.

(ii) Show that the vector fr " both solenoidal

and irrotational, where i = xi + li + zic and

t-tr =Vl.

(f) Show that the length of the chord of the ellipse

x2
)o-

)
+1=l intercepted on the straight linesy:

2ab
mx*cis

Group - C

3. Answer arry two of the following questions " l0x2:20

(a) 0 Show by vector method that the join of the

middle points of two sides of a triangle is

parallel to the third side and is half of its

lengtla 
P.T.o.
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V*)(o2*2 +bz -c2



(20)
(ii) In any tiangle AABC, with usual notations

prove by vector method that

5+5

. sin,4 sinB sinC

O) (i) Show by vector method that if two medians

of a triangle be equal then the triangle is

isosceles.

(i) Position vectors of P & Q referred to the

origin *" (I -zi +E) ana (:i -si +zi)
respectively. Find the scalar area of LOPQ,

5+5

(c) @ Show that the vector

U =(u* + *)i + xzi +3xz2i

is irrotational. Find the scalar function <p for

this field, such that F: Vq.

(ii) Ir p =(zxzt-r)i*(*i +ro)i-2x3,2t,

then evalu ate grad div F at the point
(2, -1,0). 5+5

(d) Prove that the equation

ax2 + 2hxy + by' * 2gx + 2 fY + c = 0

represents trvo parallel staigtrt lines, if fi: ab and

bd:of.
Also show that the distance between them is

ab c

&#

ffi
t;, lv-5t223 -700

-ac

b

a(a+b)
5+5


