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Paper : C 13-T

[Metric Spaces and Complex Analysis]
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Time : Three HoursFull Marks :'60

The figures tn the margin indicate full marks.

Candidates are required to give their answers

in their own words as far as procticable.

Grcup - A

Answer any ten questions : 2xl0:20

1. State the Banach fixed point theorem.

2. What do you mean by complete metric space?

3. Define udform continuity.

4. Write down the Heine-Borel properly.

5. Let (X,A be a metic space in which A and,B are two

intersecting connected sets. Show that AUB is
connected.
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6. Let f (z) = *tb if Re(z)+o

= Q if Re(z)= g

Show ldrrat.f (z) is not continuous at z:0,

7. Show that the function u: cosx coshy is harmonic.

'€
8. Find the radius of convergence f

h=2 n.(logn

9. Evaluate

10. Show that u(x, l)=4xy-xt +3xy2,is harmonic.

11. Show that a convergent sequence in a metric space is

bounded.

1:dz, x: cos /, y: sin /, 0 < t <2lt .
7$

12. Give an example, in the real time R, of the sequence

{x,} such that lx,-x,*rl*+O (as n-+e) but {x,} is

not Cauchy.

13. Show that for any subset A of a metric space (X, A,
the function /:X -+ R given AV f (*) = d(x, A) ,

x e X, is uniformly continuous.

14. Show that ttmf (r)s(r)=0 if ly)f (r)=0 and if

there exists a positive integer M such tnx lS(r)l< t t
for all z in some neighbourhood of zo.



15. Let f (r)=# be a bilinear transformation. Show

that o is a fixed point of 7 if and only if c: 0.

Group - B

Ans wer any four questions : 5x4:20

16. Show that continuous image of a compact metric space

is compact.

17. Check whether the fimction is differentiable at z: 0. .A,lso

check uihether it satisfies C-R equations.

25xy x+tyf(,) =
xn + y'o

(z *a)

(z=0)-0

18. lf f (z) is an alytic function within and on a closed

contour C, and if a is any point within C, then show
that

f Q) a,
z-a

(i) Prove that a metric space (X, d) having the

prop€fiy that every continuous map f :X + X has

a fixed point, is connected. 2

(ii) Let (X, d) be a complete metric space and
T:X -+X be a contraction on X. Then for
x e X, show that the sequence {f'(r)}
convergent sequence.

r(o)=*t
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21. Evaluate:

(4)
(i) Determine whether the set S = {(', y)'0' x 11,

x' + Y'= +) i, comPact in lR2 3

(ii) Let X be an infnite set endowed with the discrete

metric. Show that every infinite subset of (X, d) is

bounded but not totally bounded' 2

Sln ltz + cos
dz where C is the circle( )

or')(

(z -t)(z -z)
I z l: 3 described in the positive sence' 2

zdz
where C is the circle lzl:2

C

described in the Positive sence. 3

GrouP - C

Answer anY two questions : l0x2::2A

(i) State and prove Liouville's theorem'

@ lf f (r) is a regular analyttc function of z, prove that

It(,)l' =+lf'(,)l' .

(a' a')I 

-r--- 
Il^r'^21

\dx- oy )

lz

(i) Show that any compact subset of a metric space

is closed and bounded.

(ii) Show that two metrics dy dz on a set X are

equivalent iff the identitY map

Ir:(X,4) --> (x, ar) is a homomorPhism'

1

1

1

1



24. ('

(ii)

(ix)

Show that the map /:[0, t] -+ [o; 1], defined by

t2

f (*)=--;, xe[0, 1] is a weak contraction

but not a contraction maP. 3

Let (X, O be a complete metric space and

.f :X -> X be a contraction map with Lipschitz

constant t(0<t<1). If xoe X is the unique fixed

point ofl show that d(x,xo)=*o\,f (*)),

forall xeX. 5

Show that a contraction of a bounded plane set

may havc the same diameter as the set itself, 2

25. (i)Let f(r)=u(*,y)+iv(x,y), z=x+iv and

zo = xo + iyn . Let the function f be defined in a

domain D except possibly at the point zo in D'

Then prove thut lq f (r) = uo t ivo if and only if

Iy"1*,r1=uo arnd limv(x,Y)=vo' 5

G) Show that when O <lzl<+,

11
=-+

4z-22 4z'
z'

5n+Z '
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