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[Probability and Statisticsl

Group - A

1. Answer any ten questions : 2xl0=20

(a) A freshman class at a college has 200 students of
which I50 are women and 50 are majoring in
maths, and 25 maths major are women. If a

student is selected at random from the freshman
class, what is the probability that the student will
be eithei a mathematics major or a women? ,

(b) A 'speaks the truth in 75o/o cases and B in 80Vo

cases. In what percentage of cases are they likely
to conhadict each other in stating the same fact?

P.T.O.
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(2 )

(c) Write the pdf of Gamma distribution and its mean

and variance.

(d) Find E (X) for the following dens'rty function :

l+, o<x<l
f (*)=1+tr- x),t< x <2

fo, elsewhere.

(e) Accidents take place in a factory at a rate of 6

per year. What is the probability that there is no

accident in a given month?

(D X,Y,Z arc three random variables, with 6,=2,
or = 1 and 6, = 31 P., = 0,3 , P.,, = 0.5 and

p- = 0.5. Find the variance of U = X +Y -Z '

G) If the'lines of regression of y on x and x on y

are 3x+2y=26 and 6x+y=31, respectively'

Find the conelation coefficient betrveen x a1d y'

(h) Let (J and tr/ be two random variables with

E(U)=a = E(V), var(U) = ru.(Z) = 1. Then

prove that -l s E(UV)<1.

(i) State weak and strong law of large numbers'

(j) Let y =(X,Xr,"',Xro) be a random sample

from a discrete distribution with pmf p(*)=*,
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(3 )

x:2,4,6. Find the probability distribution of
sample mean .f using central limit theorem.

(k) Let X1,X2,...,X,, beira"peraent and identically

ff(r, o') disrributed. Find method of moment

estimator of p, o2.

0 The bivariate random variable (X, njointly foltow
the probability density function

f ( x. v\ =[*'(g-y),, < y < 2x,o < x < 2
" t 't ' Lo, elsewhere.

Find the fr.

(m) Let X),X,,...,X, be a random sample from

r(u, o''). Find the sampling distribution of

w =y,:-,(x,-p\' .

-'-'\ o )

(n) Let X be a random variable follows N (g00,144)
distribution. Find p (X<772). Given that
P (Z<2.331= 0.0099, where Z follows standard
normal distibution.

(o) Define Markov chain with an example.

Y-5t44 - 2000

P.T.O.



(4)
Group - B

2. Answer anY four questions: x4=20

(a) Irt X - Bin(n,p) and y =ffi' Prove that the

distribution of I converges to N(0' l) as n->@

(not using Cental limit theorern)'

(b) State and prove Chapman-Kolmogorov equation'

(c) lrt X1,X2,"',X, &independent and identically

N(p, o') distributed' Find method of moment

estimator of p, o2 by calculating raw moments'

(d) Find the value of t so that the following table may

tepresent a joint distribution

Y=l
X=1 0.4 0.1

v _.1A -/- k 0.3

Find conditional disftibution of X given l':y and

also find conditional expectation of X given Y : y'

(e) A die is thrown 3600 times, show that the

probability that the number of sixes lies betrn'een

iSO ana 650 is at lea^st 4/5 (use Chebyshev's

inequalitY).

Y=2
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(s)
(0 Bearings made from a certain process have a mean

diameter 0.0566 cm and a standard deviation
0.004 cm. Assuming that the dita may be looked
upon as a random sample from a normal
population, construct a95%o confidence interval for
the actual average diameter of bearings made by
the process. Given that P (t > 2.262) = 0.025 with
9 degrees of freedom and P (t > 2.228) = 0.025
with l0 degrees of fipedom.

Group - C

3. Answer any two questions :

(a) G) What is called likelihood firnction?

l0x2=20

(r) Let X1,X2,...,Xn-U(a,b). Find maximum

likelihood estimators of a and, b.

(iii) A random sample of size 25 is taken from a
Poisson distribution with the parameter 1.. If
the sum of all observatioru is 150, what is the
method of moment estimate of 1,? _ Z+3+5

(b) Following are the mileages recorded (km per litre
of petrol) in 16 runs of a new model of car:
22.16, 22.37 , 22.50, 22.04, 22.25, 23.01, 22.g1 ,
22.63, 23.19, 22.55, 22.75, 22.95, 22.50, 22.3g,
23,22.17.
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( 6 )

Assuming the mileage follows a normal distribution

with mean p and variance o2,.test the hypotheses

(D H:p =22.5 vs. F4:P*225 and

(ii) I1:o2 < 0.3 vs. Hr:ot > 0.3 .

Thke level of significance 0.05.

Given that /u.urr. ,, 
: 2.131, /u.ur, ,, 

: | '7 53,

?(3.0r,,, =24.996, X|.orr.rr=27.488, choose the

appropriate. 5+5

(c) The joint density function of (X' I is given by

. froxy',0<x<y< I
f \x,y)=to, ' elsewhere. 

Find the marginal

and conditional probability density functions of X

and l'. Also find vx,vy,Gzx,o|, cov(x,)t) and

p(x,Y). ' 10

(d) $ Let F (x) be the distribution f'unction of a
continuous random variable X. Show that the

expectation of X can be expressed as

E(x) = I:,{1-r(,)- F(-x)}dx.

0i) For any random variable X (discrete or

continuous) and for any real number c, prove
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(7 )

that E(l x-cl)=r(l x-pl) Rrovided the

expectations exist and p is,the median of X

(ii) If Xis y(/) variate, then compute ,(JV)
4+4+2
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OR

[Bootean Algebra and AutomTta Theory]

l. Answer rlrty tenof the following : 2x10:20

(a) Show that the relation < is a total order on the

set of real numbers R.

(b) Define Strict and Partial Orders in a set'

(c) Identify extreme elements in the Poset : "The

divisors oJ'60, onlered hy divisibility"'

(d) Is D,, a Boolean lattice? ExPlain'

(e) Let 1A, 1> be a totally ordered set' Prove that

if I has more than two elements, then it is not a

complemented laffice, even if it has a minimum and

a maximum.

(f) Prove that every finite Boolean lattice with more

than one element has atomic elements'

(g) Prove the following proposition, using the axioms

of Boolean Algebra : x(x * Y) = * '

(h) Show how IND can be simulated using only

NAND gates.

(i)CalculatethenumberofdistinctBooleanf.unctions
from B" to B.

O Defme empty string and the length of a string'

(k) How a Dfl4 Processes string?

v-5144 - 2001f



(e)
(l) What is transition diagram for DFA?

(m) Differentiate between Dful and NM.

(n) Define pumping lemma for regular languages.

(o) Convert the grammar A->aSlaSla to a pDA

that accepts the same language by empty stack.

2. Answer any four of the following : 5 x4:20

(a) Prove that a Language L is accepted by some
DFA if and only if Z is accepted by some NFl.

(b) Design a PDA to accept each of the following
languages:

T

Q) {a't'coli*iori*k}
(i) The set of all strings of a's and D,s that are

not of the form ww, i.e.o not equal to any
string repeated.

(c) If L: N (P) for some DPDA, P, then show that
Z has a unambiguous context free grammar.

(d) Show that L,," is recursively enumerable.

(e) Use Kamaugh maps to furd the minimal fbrm fbr
the expression: xyz + xyz' + xy'z + x'yz + x'y'z .

(0 The Boolean function Y: AB + CD is to be

, realized using only 2 input NAND gates. What is
the minimum number of gates required?
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(10)
3. Answer any two of the-following: l0x2:20

(a) $ Convert to a DFT\ the following NFll and

informally describe the language it accepts: 6

(ii) If I and M are regular languages then show

that LnM and LR are also regular

languages. 4

(b) (')

(ii)

(c) (1)

(it)

Let P=(q,r,r,6,Qo,Zo) be a PDA then

show that there exist a context free grammar

G such that L (G): N(P) 6

Design the turning machine fbr the following

language: {anb'c'lr=l} 4

Show that the divisibility relation is not a

partial order on the set of integers Z. Which

property is lacking? 3

Show that every non-empty subset of a poset

is also a poset. 3

0 I

-+p {p,q\ 1
p)

q {r} {r}
r {r} 0

*S s {'}

v-5/44 - 2000



( 11 )

(ii) Give an example to show that maximal and

minimal elements of S need not be unique. 2

(w) If a poset is infrnite, .un it be embedded in a
totally ordered set? Prove it or disprove it. 2

(d) (i) State and prove the De-Morgans law for
Boolean lattice. 6

(ii) Show that if a Boolean lattice has more than

two elements then it is not totally ordered. 2

(ii) Defrne Boolean algebra. 2

Y-5t44 - 2000
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,OR

[Portfolio Optimization]

1. Answer wry ten questions: 2xl0:20

(a) What is ttre Portfolio Management process?

(b) Explain the sfucture of SEBI.

(c) What are the Types of Investors?

(d) How would you calculate the cost of Equity?

(e) What is the monetary policy?

(0 What are the tax benefits in mutual fund?

(g) Which is better Equity or Real Estate?

(h) What is NAV?

(i) You save Rs. 100 and invest it at anominal interest
rate of 8%. Given the expected inflation is 5% per
year, what is the real rate of retum?

0) What is portfolio risk and retum?

(k) What is Annuity?

$ Differentiate between Security Market Line (SML)
and Capital Market Line (CML). .

(m) Define diversification

(n) Explain Rebalancing

(o) What is a primary market?
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2. Answer any four questions : 5 x4=20

(a) Defirrc:

C) Beta of portfolio )

(i) Security market line

(b) You have a portfolio with a beta of 0.84. Whai
will be the new portfolio beta if you keep 85% of
your money in the old portfolio and l4o/o in a

stock with a beta of 1.93?

(c) What arc some of the benefrts of diversification?

(d) Use the information in the following to answer the

questions below:

State of
Economy

Probability
of state

Retum on
A in state

Return on
B in state

Boom 35% 0.040 CI.2t0

Normal s0% 0.030 0.080
Recdssbn t5% -0.010

What is the expected retum of each asset?

(e) What are the functions of SEBI?

(f) How do lvtutual Funds work?

3. Answer any two questions : l0x2:20

(a) Prove that the expected return F, on any asset f

satisfies lri = r"r+ F, (p, - rr) , where p, = y
CM,

P.T.O.
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and o,, iS the covariance of the return on asset i

and the market portfolio r*i 6;7vat(rr).
^./

(b) Consider 3 assets with rates of return r, r,afid
13, respectively. The covariance matrix and

expected rates of return 4re E = and

(z 1 o\

[t i')
m=

0 Find the minimum variance portfolio.

Ci) Find a second efficient portfolio.

Gii) If the risk free rate it 1r: 0.2, find an efficient

portfolio of risky assets.

(c) For the Markowitz mean-variance portfolio solve

the quadratic programming problem

minimire \wrl;w-)"m7'w

subject to erw: l,

where w = (w,wr,... .r. .*,)',
m = (m,,m.),... ... ,!,)' , rr, = E(r,),
, = (rr,rr,.., .,. .r,,)' , cov(z) : I

Y-5144 - 200tt

[:r]



( ls )

(d) Assume that the expected rate of return on the
market portfolio is 24Yo (rn :0.24) and the rate
of return on T-Bitls (risk "free rate) is 7yo
(rr: 0.07). The standard deviaiion of the market

is 33% (or=0.33). Assume that the market

potfolio is efficient.

$ What is the equation for the capital market
Iine?

(iD If an expected return of 38yois desired, what
is the standard deviation of this position?
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