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[Number Theory]

l. Answer ffiyfweof the following : 2x5:10

(a) If p is prirne and a is prirne to p, prove that

ar'-o =l(modp,).

(b) Show that the cube of any integer is of the fomr

7k or 7k+|.
(c) Slrow fiat rf m is an intega then 3 divides rf - m.

(d) Let gcd(a,b)=|. Then show that gcd,(a + b,

d + b2):1 or 2.

(e) Show that the functions t and o are both
multiplicative finrctions.

(f) Show that tlre number of prirne is infinite.
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(g) Showthat 89i;2*-1.

(h) Find the remainder when 45! is.dividedby 47?

2. Answer any four of the follorving : 5 x4:20

(a) Find the solutions of the system of congruences :

3x+4y=5(mod t3); 2x*5y=7(mod 13).

(b) What is the rernainder if g2n+t* $n+z i, divided by
73?

(c) If p is a prime then show that

(r+t)t-r1=o(modp).

(d) For each positive integer n21, show that

I ifn=l
0 ,f n>l where d runs through the

positive divisors of n and pr is the Mdbius p
firnction

(e) Let n, p) I are positive integers andp is prime.

Given that nlp-I and plnt-1, prove that
4p-3 is a perfect square.

(fl If n >1 and g.c.d.(a,n): I then show that

,o(n):l(modn). Deduse the Fermat's theorem

from it

Ip(a) =
,lln



)(

3. Amswer arLy oile of tlre following:

that for each even integer 2B thcre exist

furtegers ru, add m, with *(*,)'+cr(nr) =2n.
3

(ii) Fimd integers x..v such tlrat 5-v +97y*"1. 3

(ii) Let n be a peisiti',,e integer. Calculate
gcd{n! t- 1, (ru+ 1)!)" 4

fii) For any positive integ*r ru, show that

Sk{nr*lol*....."*1, 3
nl 23 n
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OR

[Bio-Mathematicsl,'

1. Answer anyfive questions : 2x5:10

(a) The characteristic equation of a system is given as

foliows x3 +3x2 +Tx+fr = 0 . Using the Routh-

Hurwitz Stability Criteria find the range of values

of ir for which the system would be stable.

O) Irt,fbe differentiable. Prove that a stationary point

7 of x,*, = f (*,\ is locally aqrmptotically stable,

if lf'(7)ict ana unstable, lr l/'(r)l>r.
(c) What is Holling:type II functional response?

(d) Define asymptotically stable steady state solution of
a dynamical system.

(e) Show that for a decaying population

the time at wtrich only half of the original population

remains (the half-life) is Tr,r.=W

(fl Find the steady states of the following system of
equations and determine the Jacobian of the qystem

for these steadY states:

ff=-xN (K>o)



(s )

(g) Define basic re,production numbor and uryite down

ttre significance of it.

(h) Write the basic differeirces between Malthts model

and logistic growth model.

2. Answer any four questions : 5x4:24

(a) Whx is inta qpecies competition? Gre an example

of two species competition rnodel. 3+2

(b) Sketch the phase-plane behaviour of the followin-g

system of the linear equations and classiff the

stability characteristic ofthe steady state at (0,0) :

* = Sx+gy,
dt

4= 4*-5y. 5
dt

(c) Write a short note on Allee effeet. 5

(d) What is diffirsion in rnathematical model? Give an

example of onq species model with diffitsion. 3+2

(e) A delayed two species model is given by:

&c

--x-xv.dt

dvL-yy-y,
dt

# =x(,)[1 - ox (t)-i,r(r)]; o > o, ]. > o
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$ = nx(r"- t)r {r - r) - srr(ri; 0.,p > o

Find the steady states and analyze the stabiliff of
fion-zero steady state" 5

($ Deduce F'isher's eryration for spreading geIlf,s. 5

3. ,Answer ffiry one questi.on : I(}x 1:lS

{a) Wtrat do you mean by SIR modetr im

epiderniolcgy? Write down the basic equatir-ms of
SIR rnode{ and find an expression of, nwnber ofl

infectives af a certain tirne. 3+7

(b) G) Find out tlre steady state solutions and dissuss

the stability of the following prey-predator

model:

# = rx (a-bY),

!!=*ry*6gy
dr

where X arrd I are the density of prey anel

predator respectively and ail the pagmeters a,
" b, c, r/ and r are positive

$i.! Give the geometrical interpretation of the

above pre,v-predator model. 5+.4
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OR

[Mathematical Modelting]

1. Answer ffiylive questions: 2x5:10

(a) What is Damped Forced Oscillation?

" (b) What is Balance law in mixing problem?

(c) Show that the two solutions y: sin 3l and

y: cos 3/ of y" + 9y:0 are linearly independent

for all values of/.

(d) If the partial ditrerential equation 
a: *a(gv) -0,ot ox

O(x, 0) = f (r) denotes a Trafiic flow problem,

then define all the variables.

(e) Write Euler equations for system of conservation

laws: gas dynamics.

(f) Write Kirchhoffs Voltage law.

(g) Write one dimensional heat equation fcrr partial

differential equation (PDE). Write nature of this

partial differential equation (PDE).

(h) Explain stability of linear sirnultaneous differential

equation.
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2. Answer anyfourquestions: 5'^4:20

(a) Obtain the solution of the wave equation

ut. = c2'1t,,, undsr the f'oliowing conditirrn-c :

(i) u (0, t): u (2, r) * 0"

G0 il, (x, 0):0.

(!) For the given network below assume, E is an

electrornotive force of l5Y -R is a resistor of
20C), I is an inductnr of 0.02 H and C is a

capacitor of 10a farads. Set up the differential
equation for the currents.

- -fi

(c) A tank of water is 100 gallons. Each minute,

1 gallon of water enters the tank with 5 grams of
pollutants. The tank of water is evenly mixed" Each

minute, one gallon of fte even mixhtre drains from

the tank. If the tank starts full of water without
pollutants, how many grams of pollutants are there

in the tank at time t?

C

. {ttr
Cn\ w k.0) : sinr -:- .,2



(d) A 16-lb weight is attached to the lower end of a

coil spring suspended frotn the'ceiling, the spring

constant of the spring being 101b/ft. The weight

comes to rest in its equilibrium position. Beginning

at t: 0 an extemal force given by f(r) : 5 cos 2t

is applied to the system. Determine the resulting

motion if the damping force in pounds is

numerically equal to 2ff. wnei" * is the

instantaneous velocity in fert irer second.

(e) Solve the equatio " #"s*.16x = 10sin2r.

The initial conditions are x(0) =)., *'(O)= O,

where *' (r) = * .

(0 (i) Eliminate the arbitrary constants of

,=(*'+a)(l'+b) and hence obtain the

conesponding PDE.

(ii) Eliminate the arbitrary function of

z=x+Y+f(W) and hence obtain the

conesponding PDE.
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3. Answer trLy une question: 10xl=10

(a) A projectile of mass rc is fired into the air from a
gun that is inctined at an angle 0 with ttre horizonal
and suppose the initial velocity of the projectile is
vo fr:et per second. Neglect all forces except the
graviry and the air resistance and assume that ttris
latter force (in pounds) is numerically equal to *
times of the velocity (in ft/sec)"

() Iaking the origin at the position of tlre grur,

with the..r axis horizbntal and the y axis
vertical, show that the diffbrential equations of
the resulting motion are

dzx . dxn4---;:*f-=(1.dt' dt

dzv - dvm-a++k*'. +m8=U.clt' dt

0i) Solve the above system of diff'erential
equations.

@) Consider the linear autonomous system

dx

-; 
y-{y

dt

0-=2*-5u
dt

$ Determine the nature of the critical point (0,0)
of this system.

(ii) Find the generai solution of this system.

i.I
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